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ABSTRACT
Using the Teukolsky and Sasaki-Nakamura equations for the gravitational per-
turbation of the Kerr spacetime, we calculate the post-Newtonian expansion of
the energy and angular momentum luminosities of gravitational waves from a test
particle orbiting around a rotating black hole up through P
5=2
N order beyond the
quadrupole formula. We apply a method recently developed by Sasaki to the case
of a rotating black hole. We take into account a small inclination of the orbital
plane to the lowest order of the Carter constant. The result to P
3=2
N order is
in agreement with a similar calculation by Poisson as well as with the standard
post-Newtonian calculation by Kidder et al. Using our result, we calculate the
integrated phase of gravitational waves from a neutron star-neutron star binary
and a black hole-neutron star binary during their inspiral stage. We nd that,




N corrections are im-
portant to construct eective template waveforms which will be used for future
laser-interferometric gravitational wave detectors.
1. Introduction
The last stage of an inspiraling compact binary such as binary neutron stars
is one of the promising sources of gravitational waves for the near-future laser-
interferometric detectors such as LIGO[ [1]and VIRGO.[ [2] The main reasons why it
is most promising are that the event rate is expected to be  3 events/yr within 200
Mpc from a statistical study[ [3]and that it is possible to theoretically predict the
amplitude of gravitational waves with good accuracy. Such a binary is, moreover,
not only a strong source of gravitational waves, but also has a possibility to be-
come a treasury of physics of neutron stars,[ [4]cosmology,[ [5]theories of gravity,[ [6]etc.,
provided we obtain the data about binaries such as masses, spins, distance to the
earth, and so on. However, to obtain those data with sucient accuracy, it is
necessary to construct theoretical template waveforms whose phasing has a frac-
tional accuracy of less than 10
 4
.[ [4] Hence considerable eorts have been paid to
construct such theoretical templates.[ [7 15]
To calculate gravitational waves from an inspiraling compact binary, the stan-
dard method employed is the post-Newtonian expansion (PNE) of the Einstein
equations,[ [7]in which the equations are expanded in terms of a small parameter
v  (M=r)
1=2
, where M and r are the total mass and orbital length-scale of the
system, respectively. Despite much eort, however, calculations have been success-
ful to only a few orders in v beyond the leading (Newtonian) order so far. More
fundamentally, the nature of PNE has not been claried due to its complexity;
nobody knows the convergence property of PNE nor the validity of the polynomial
expansion in v.[ [16] Given this situation, it is highly desirable to have a method
which is complementary to the standard PNE. The perturbative study of a black
hole spacetime is one of such, in which we consider gravitational waves radiated
by a particle of mass   M orbiting around a black hole. This method, though
restricted to the case of   M , is very powerful because we can calculate fully
general relativistic corrections of gravitational waves by means of relatively simple
analyses. It is then fairly straightforward to evaluate the post-Newtonian correc-
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tions which are to be calculated in the standard PNE. This direction of research
was rst done analytically by Poisson[ [8]to P
3=2
N order and numerically by Cutler
et al.[ [9] to P
3
N order. Then a highly accurate numerical calculation was done by
Tagoshi and Nakamura[ [14]to P
4
N order and an analytical calculation to the same
order was done by Tagoshi and Sasaki[ [15]which conrmed the result of Tagoshi and









N order) is conrmed and it is claried that the
accuracy of the energy ux to at least P
3
N oder is necessary to construct template
waveforms for optimal use of the interferometric data.
In this paper, we extend the analysis of Tagoshi and Sasaki[ [15] to the case
of circular orbits around a rotating black hole to see the eect of spin. Some
analytical[ [10;12] and numerical analyses[ [11;13] of its eect at its leading order (i.e.,
to P
3=2
N order) have been performed. They found that it gives rise to a large error
in the integrated phase of gravitational waves from inspiraling binaries for a typical
value of the spin angular momentum if it is ignored in the template. The large
eect of the P
3=2
N order spin-orbit term causes us great anxiety about the eects
of higher order terms due to the spin angular momentum since the convergence
property of the PNE has been found to be slow.[ [4;14;15] Hence we study the eect of
spin to P
5=2
N order in this paper.
The paper is organized as follows. In section 2, we show the basic formulas
to perform the PNE in our perturbative approach. First we show the PNE of
the Teukolsky radial function[ [17]using the Sasaki-Nakamura equation.[ [18] We must
also perform the PNE of the angular equation, which is given in Appendix D.
Then we describe the PNE of the source terms. We consider circular orbits around
a Kerr black hole, that is, those at constant Boyer-Lindquist radial coordinate.
These circular orbits are, however, not necessarily on the equatorial plane and the
emission rates of gravitational waves are dierent for dierent orbital inclination
angles (or more precisely, dierent values of the Carter constant).[ [13] To see the
leading eect of the orbital inclination, we consider orbits with small inclination




beyond Newtonian are derived. In section 4, using the results given in section
3, we estimate errors in the accumulated phase of gravitational waves caused by
the non-vanishing spin angular momentum. Section 5 is devoted to the summary.






To calculate gravitational radiation from a particle orbiting around a Kerr black
hole, we start with the Teukolsky equation.[ [17] We focus on the radiation going out
to innity described by the fourth Newman-Penrose quantity,  
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sin d = 1; (2:2)
and  is the eigenvalue. The radial function R
`m!
(r) obeys the Teukolsky equation



















(r) is the source term whose explicit form will be shown later, and
 = r
2
  2Mr + a
2
. The potential V (r) is given by





+ 8i!r + ; (2:4)

















































































































For deniteness, we x the integration constant such that r










































Thus in order to calculate gravitational waves emitted to innity from a particle
in circular orbits, we need to know the explicit form of the source term T
`m!
(r),




is the orbital radius in the Boyer-
Lindquist coordinate, the ingoing-wave Teukolsky function R
in
`m!
(r) at r = r
0
,
and its incident amplitude B
in
`m!
at innity. We consider the expansion of these




. Note that v is approximately
equal to the orbital velocity, but not strictly equal to it in the case of a 6= 0.
5
In addition to these, we need to expand the spheroidal harmonics and their
eigenvalues in powers of a!. Since ! = O(
) where 
 is the orbital angular velocity
of the particle, we have a! = O(M!) = O(v
3
). Thus the expansion in powers of
a! is also a part of PNE. Note also that the spin parameter of the black hole a
does not have to be small but can be of order M . We defer this expansion of the
spheroidal harmonics to Appendix D.
In the following, we consider the PNE of the ingoing-wave Teukolsky function
and the source term separately. Since the angular eigenvalues  comes into play in




















+ ` + 4)=(`
2
+ `) have been obtained
previously,[ [20] and 
2
is derived in Appendix D.
2.1. Homogeneous solution
The PNE of the Teukolsky equation for a rotating black hole was rst per-
formed by Poisson up to O(v
3
) beyond the quadrupole formula.[ [12] In his method,
he introduced a parameter   2M!  O(v
3
) and expanded the equation in terms
of it to the rst order in , since only the homogeneous solution to O() is needed to
obtain the energy ux up to O(v
3
) level. The purpose here is to obtain the higher
terms, O(v
n
) (n > 3). Specically in this paper we consider the gravitational wave
luminosity to O(v
5
). Hence we need the homogeneous solution accurate up to
O(
2
). However, it is very dicult to treat the Teukolsky equation itself to obtain
the higher order corrections because the 0th order solutions (i.e., the kernel func-
tions) already have a quite complicated form.[ [12] Hence instead of the Teukolsky
equation, we use the Sasaki-Nakamura (SN) equation,[ [18] which is obtained by a
certain transformation of the Teukolsky equation. The reason to use it is that the
SN equation is a generalization of the Regge-Wheeler (RW) equation for a = 0
to the case of a 6= 0 and hence has a more tractable structure. In addition, we
6
can make use of algebraic formulas for the PNE of the RW equation developed by
Poisson[ [8]and by Sasaki.[ [21]















where the explicit forms of F and U are given in Appendix A. It is obtained by



































, and the functions ,  and  are shown in
Appendix A. Conversely, we can express X
`m!















































































































































Now let us consider the PNE of X
in
`m!
. It is characterized by the ingoing-wave








!  1. However, since r

cannot be expanded in terms of  at r

!  1, a naive expansion of the SN
equation in terms of  would obscure the boundary condition at horizon. One
prescription to circumvent this diculty has been suggested by Sasaki[ [21] in the







from the beginning. Here we generalize this method to the case of the
Kerr black hole.
First we introduce the variable z = !r and
z






























. For later convenience, we also introduce a non-dimensional













mentioned before, q is not necessarily very small but can be of order unity.



























which generalizes the phase function !(r
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(z) exp ( i(z)) : (2:18)

























































































































































































for ` = 2. We shall see that we do not need Q
(2)
for `  3 for the post-Newtonian
order we consider in this paper (i.e., up to O(v
5
) beyond Newtonian). Expanding

`m















































































Now we consider the boundary condition. The argument is parallel to that



















(z) should be regular at z = !r
+
 . Since











(z) should be no more singular
than O(z
 n












= 1. Taking into account of the behavior of the lowest order solution,











(z) must be no more singular than z
`+1 n
at
z = 0. Hence for n  2, the boundary condition is that 
(n)
`m
is regular at z = 0.
As noted previously, in the case of a circular orbit of radius r
0
, the source term
T
`m!















. Hence the PNE of X
in
`m!
corresponds to the expansion
not only in terms of  = O(v
3
) but also z by assuming   z  1. In order to
evaluate the gravitational wave luminosity to O(v
5
) beyond the leading order, we
must calculate the series expansion of 
(n)
`m
in powers of z for n = 0 to ` = 4, for




we need for this purpose is O() or n  1. Thus we need the
asymptotic behavior of 
(n)
`m




to the accuracy discussed above, we rewrite Eqs. and (2.22)






























(n = 1; 2): (2:25)
The series expansion formulas for 
(n)
`m




. Then it is straightforward to impose the boundary condition at
10
z = 0. Further, if the integrations can be done exactly in closed analytic form, it




asymptotic behavior at innity of thus obtained functions. As we shall immediately
see, this is easily done for n = 1, which is sucient for our purpose.
For n = 1, if we set q = 0, Eq. becomes the same equation as that discussed in
















(`   1)(`+ 3)
























































































dt sin t=t are cosine and sine inte-
gral functions,  is the Euler constant, and 
(1)
`
is an integration constant which
represents the arbitrariness of the normalization of X
in
`m!








































































































For n = 2, expanding Eq.(2:26) in terms of z and inserting it into Eq.(2:25),
11
we have the series expansion of 
(2)
`m






























































































Once we have the homogeneous solutions of the SN equation, we have only to
perform the transformation (2:11) to obtain the corresponding solutions of the















































































































































































Here, it is worth noting that the terms linear in q(= a=M) at O(v
2
) beyond the
leading term in each R
in
`m!
are pure imaginary. This implies there is no linear term
in q at the P
1
N order of the luminosity. Such terms will appear at the P
3=2
N order,
which is in fact what was found by Poisson.[ [12] Further, it is expected that terms
linear in q will not appear at the P
2
N order, but at the P
5=2
N order. By the same
12
argument, terms quadratic in q are expected to appear at the P
2




Next, we consider A
in
`m!
to O() = O(v
3
). The procedure is the same as that









etc., we obtain the asymptotic behavior of 
(1)
`m





























 (`) +  (`+ 1) +
(`  1)(` + 3)
`(` + 1)
















To consider the asymptotic form of X
in
`m!









express the asymptotic form of f
(1)
`m

















































are the spherical Hankel functions of the rst and second kinds,







































  ln z : (2:37)
13



































































































From this equation, A
in
`m!





















+ : : :
i
; (2:39)




   ln  from our denition of z

. Specically
























































Finally, the corresponding incident ampliutudes B
in
`m!
for the Teukolsky function
are obtained from Eq.(2:14).
2.2. The source term






















































































and C are the energy, the z-component of the angular momentum and
14






















We consider the case in which a particle moves along a constant radius r = r
0
, but
precesses around the symmetric axis. The degree of precession is determined by
the value of C. If r
0
and C are given, the energy E and the z-component of the
angular momentum l
z
are obtained by the two equations, R = 0 and dR=dr = 0.














)(   (t))('  '(t)): (2:45)















































































































































and Q denoting the complex conjugate of Q. In the present case, the tetrad
 In this section, these constants of motion are those measured in units of . That is, if
expressed in the standard units, E, l
z















































































































t = dt=d .




















































































































































Equation (2.51) can be further simplied by noting that the orbits of our
interest have the properties,
(t+t) = (t); '(t+t) = '(t) + '; (2:53)
where t is the orbital period (of the motion in the -direction) and ' is the































































































































































Now, let us consider the orbital integral in Eq.. To perform them, we must
know the trajectory of a test particle, i.e., (t) and '(t), but they are not simple
17
analytical functions of t for general trajectories. Thus, we here consider the case in
which a particle is in the orbit with small inclination. To be specic, we introduce




































. Note also that we do not need the exact expressions for E
and l
z
in terms of r
0
and C (or y), but only the PNE of them. To the rst order
of y as well as to the P
5=2















































































To solve the geodesic equations under the assumption y  1, we rst set


















































, we can solve it













+    : (2:61)
This is similar in spirit to the method used by Apostolatos et al.,[ [23] who considered
gravitational waves from a particle in an elliptical orbit around a non-rotating black
18
hole with small eccentricity e 1. However, here we only consider the lowest order
solution 
(0)
. This means we take into account the eect of inclination up to O(y),












































































where we have chosen 
(0)

















in the present approximation.
Next, we consider the geodesic equation for '. Taking account of the terms up












































































































. This means the precession of a test particle orbit around
the spin axis of the black hole. Specically, to the order required for the present

















































































! 1 and y ! 0, which is just the
Lense-Thirring precessional frequency.[ [24]
Now that we have the solution of the geodesic equations, we can estimate the





































































for k = 1  5 are complicated functions of r
0
. Substituting Eqs.(2.65),




























































































































































































are functions of r
0
. In principle, algebraic calculations of Z
i;j
are
straightforward, but they are almost impossible by hand in practice. Thus to
avoid trivial mistakes as well as to save time, we have made use of the algebraic
manipulation program,Mathematica, to obtain Z
i;j
. We shall not list their explicit
forms here since they are too complicated and not much insight can be gained from
them.
3. The energy and angular momentum uxes
In this section, we calculate the energy and angular momentumuxes to O(v
5
)
beyond the quadrupole formula and to O(y) in the orbital inclination. From
Eqs.(2.1),  
4





















































. At innity,  
4
is related to the two independent
21





























































































As clear from Eq.(2.74), since we take the square of jZ
`m!
n
j we only need n = 0,


















are given in Eq.(2.70). In order














































We note that because the mode indices (`;m) here are those associated with the
spheroidal harmonics, as clear from Eq.(3.1), they do not correspond to the usual
spherical mode indices. This point should be kept in mind when one attempts to
interpret the PN corrections to 
`mn
in the language of the standard PN approach.
22





) (k > 5). The remaining 
`mn




































































































































































































































































































































































































































































































































































































































and the others are of O(v
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The terms without q agree with those derived in Ref.[15], and the term  73qv
3
=12
also agrees with the previous results.[ [10;12][y


























































































































































































































for y = 0. Consequently, his











































































































We note that the result is proportional to (1   y=2) in the limit q ! 0. This is












From the above results, we nd the following features of the gravitational wave
luminosity:
1) As argued in x2.1, the quadratic terms in q(= a=M) appear at the v
4
order, and













(and hence in (dE=dt)
tot
)
are proportional to 1 y=2. Since 1 y=2  cos 
i
, these terms may be regarded as









L. With this interpretation, our result at the v
3
order
is consistent with the PN calculation of the spin-orbit terms by Kidder et al.[ [10] as
well as with the numerical result of perturbative calculations by Shibata.[ [13]







not seem to be expressible as a simple function of cos 
i
. We suspect that a major
part of it is attributable to the quadrupolar gravitational eld around the Kerr







in Eq. can be explained in terms of the Newtonian quadrupole formula as







cannot be explained in this way. An inspection of the
? This was rst pointed to us by E. Poisson.
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) is proportional to m
2
 4, hence it vanishes for m = 2











as due to the curvature
scattering in the near zone eld. Incidentally, this suggests that the coincidence of






with the Newtonian calculation is rather
accidental; naively we would expect the same curvature scattering eect to give






. In any case, our
result suggests the existence of a new type of spin-dependent terms in the energy
ux when a PN analysis beyond the present level is carried out.
4. Implications to coalescing compact binaries
In this section, we discuss the eects of PN terms in the luminosity to the
orbital evolution of inspiraling binaries composed of neutron stars (NSs) and/or
black holes (BHs). Although our results are valid only in the test particle limit,
we ignore this fact in the following.
Since we are interested in the orbits o the equatorial plane, we must consider
the evolution of C as well as r of the particle as it radiates gravitational waves.
Although not proved in any sense, let us we assume that the orbit remains quasi-
circular, i.e., the radius of the orbit is approximately constant for many orbital





time as the orbit shrinks. Since the test particle orbit in this case is characterized
by two of the four approximate constants of motion, r, C (or y), E and l
z
, we can
estimate the change of y with respect to the change of r by equating the energy






















































Thus y changes only by a small amount during the entire inspiraling stage until r
<

10M even for q = 1. Hence the approximation y = const: throughout the evolution
of the orbit will be good if the orbit remains quasi-circular. Furthermore, by
adopting a radiation reaction formula which is valid at least in the Newtonian limit,
it has been numerically found by Shibata[ [13] that the evolution of the inclination
angle is small at least in the low frequency region, r=M
>

30. This result is
consistent with the assumption of quasi-circular orbits. Thus we assume y = const:
in the following.




) of the phase of gravitational waves from an





























where f is the frequency of the wave. Expanding 

'
, dE=dt, and dE=dr with
respect to v = (M=r)
1=2





































where the series forms in the denominator and numerator represent the PN cor-
rections to the 

'



















































the q-dependence of the PN corrections. To the PN order we consider in this
paper, the PN expansions of 

'
and dE=dt are given in Eqs.(2.70) and (3.11),












































Since the eect of PN corrections in the case of q = 0 has been already
studied,[ [15] here we examine only the eect due to non-vanishing q. For this pur-


























































































This describes the eect of q corrections at the P
n=2
N order.
First we consider a NS-NS binary of equal mass M = 1:4M

(M= = 4) as a
typical example. The future laser interferometric gravitational wave detectors such
as LIGO[ [1] have good sensitivity in the frequency band between 10 to 1000Hz, so
we choose r
i
= 175M and r
f
= 8M . A NS of mass 1:4M

and radius R ' 10km




is the period of rotation in units of a mili-second.




Hence the convergence of the PN series in the numerators and denominators of
the integrands in Eq.(4.7) is good enough so that we may expand them further to
29








































































Although the y-corrections in the above are valid only for y  1, we expect them to





are due to the spin-orbit coupling, hence replacing y with 2(1 
cos 
i
) in the above formula will give a reasonable estimate in the qualitative sense.
As for N
(4)
, although we have not been able to specify the physical meaning
of it with certainty, at least we may say that the dominant contribution comes
from the quadrupole moment of the gravitational eld around the Kerr black hole,
as discussed at the end of the previous section. Hence we may also expect the
replacement y ! 2(1   cos 
i
) to be approximately correct. Thus the inclination
angle directly aects the values of these phase corrections whenever they become
important.
We know three binary pulsars in our Galaxy which will merge within a Hubble
time, PSR1913+16,[ [25] PSR2127+11C[ [26] and PSR1534+12.[ [27] Hence these may
be regarded as a typical target of the gravitational wave detectors. Their rotation
periods are P
ms
= 59:0, 30:5 and 37:9, respectively. If we also assume these values
as typical, we have N
(3)













exceed unity. Hence it will be






Note however that a main contribution to the correction N
(4)
is due to the
quadrupole moment of the gravitatinal eld, the value of which reects the pecu-
liarity of the Kerr black hole. Concerning this point, Bildsten and Cutler[ [29] consid-
ered the quadrupole moment of the gravitational eld induced by the quadrupolar
deformation of a NS due to its rotation and evaluated the phase correction for a











This result is somewhat larger than our estimate. That is, the eect of the
quadrupole moment of the gravitational eld due to a spinning NS is larger than
that due to a spinning BH for the same dimensionless spin parameter q. This sug-
gests that if one body of a compact binary is very rapidly rotating so that we are
able to measure N
(4)
by the matched lter technique, then together with other
terms which carry information of the orbital parameters such as the spin-orbit











(M= = 9:28). Our result has more direct applicability to this case. For simplicity,
we set r
i
= 68M and r
f
= 6M irrespective of q and y. In this case, the estimation of
N
(n)
in terms of the approximate formula (4.8) will not be a good approximation.
Instead we must use the original formula for N
(n)
, Eq.(4.7), as it is. This is
because the phase N in the present case is accumulated at smaller r=M than in
the case of a NS-NS binary, hence the convergence of the PN expansion becomes
slow. As a consequence it is not possible to derive approximate formulas for N
(n)
as simple as Eq.(4.9). Here we only quote the critical value of the spin parameter q
above which each correction N
(n)








0:01. Hence the correction at this order is important even for a very slowly








0:2. This indicates that yet higher order PN corrections will be important if
the BH is rapidly rotating (q  1).
31
Summarizing the above analyses, we obtain the following conclusions:
1) The spin-orbit coupling term at the P
5=2
N order is important for the evolution










 1 would be the fastest possible period that a NS could have,
inclusion of the phase corrections up through the P
5=2
N order seems to be enough
for NS-NS binaries. On the other hand, the terms higher than the P
5=2
N order are
likely to be important for BH-NS binaries since the rotation of q
>

0:2 for a black
hole seems quite possible.
2) The q
2
terms at the P
2








2. However, the latter value is based on our formula which is valid





Thus it will be possible to distinguish a small mass BH from a NS if the phase
corrections to P
2
N order can be detected by matched ltering.
3) At any order of PN corrections, the eect of a nite inclination angle to the
number of the phase cycles must be taken into account whenever the spin terms
become important.
5. Summary
In this paper, we have performed a post-Newtonian calculation of the gravi-
tational waves from a particle of mass  orbiting around a rotating black hole of
mass M (  M). We have considered the orbit of a constant coordinate radius
r = r
0




, where y is a non-dimensional
parameter proportional to the Carter constant of the orbit.
We have formulated the post-Newtonian expansion of the Teukolsky equation









N order). We have not directly dealt with the Teukolsky
equation but rst formulated a method to obtain the homogeneous solution to
the Sasaki-Nakamura equation, which is a generalization of the Regge-Wheeler
32
equation for the Schwarzschild black hole, by expanding it in powers of  = 2M!,
where ! is the frequency of a gravitational wave. In particular, to O(), we have
obtained the ingoing-wave radial functions for arbitrary spherical indices (`;m) in
closed analytical form. Then we have obtained all the necessary radial functions
to the required accuracy and transformed them to the corresponding Teukolsky
radial functions, which have been used to construct the Green function. Further,
we have formulated the post-Newtonian expansion of the source term for circular
orbits with small inclination angle. Assuming y  1, we have analytically solved
the geodesics of a particle accurate to O(y) and obtained the source term to the
required accuracy. We have used these results to integrate the Teukolsky equation
and derived the formulas for the gravitational energy and angular momentumuxes
which are correct to O(v
5
) and to O(y).
Based on thus obtained luminosity formula, we have estimated the accumu-
lated phase N of gravitational waves from inspiraling binaries, assuming the orbit
remains quasi-circular. Specically we have considered a NS-NS binary of equal
mass 1:4M





, which will be typ-
ical targets of the near-future laser interferometric gravitational wave detectors.




only the phase correction at its leading P
3=2
N order will be important. However










0:2), the phase correction of N > 1 will be




N orders. Furthermore if one body is a
rapidly rotating BH (q  1), it is expected that the higher order corrections such
as P
3
N ones become important. In all these cases, when the phase correction at a
certain PN order become signicant, that due to a non-vanishing inclination angle
at the same PN order becomes equally important.
The above conclusions imply that it is desirable to evaluate yet higher order PN
spin corrections to the gravitational wave luminosity. As for the inclination of the








it will be meaningful and useful to calculate the higher order corrections in y along
33
with higher order PN calculations. These problems are left for future work.
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APPENDIX A
In this Appendix we show the potential functions F and U of the SN equation
(2.10). Details of the derivation are given in Ref.[18].
































=  12i!M + ( + 2)   12a!(a!  m);
c
1
= 8ia[3a!   (a!  m)];
c
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In this Appendix, we show that the asymptotic form of X
in
`m!

















) + : : : : (C:1)


































































=, and ,  and U
1
are given in Eqs.(2.17), (A.2) and (A.5),
respectively.














(2M=r; !r) (k = 1; 2); (C:3)
where f
k
(y; z) are dimensionless functions of their arguments. We then easily see
that f
k











as ! ! 0, we
nd they are also regular in this limit. Hence f
k
(y; z) are regular at z = 0 as well.
Thus f
k


































(z) = 2 and f
(0)
2
(z) =  `(` + 1) + z
2
, which are the coecients
appearing in the lowest order dierential operator L
(0)
given by Eq..
Taking the above consideration into account, scaling r to z = !r in Eq.(C.2),















































































, we can easily show recursively that the asymptotic behavior of 
(n)
`m












by Eq.(2.18) yields the result Eq.(C:1). Since
 = O(v
3
) and z = O(v), in order to calculate the energy and angular momentum
uxes up to O(v
5




around z = 0 are those of n  2 for ` = 2, n  1 for ` = 3 and
n = 0 for ` = 4.
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and their eigenvalues  in powers of a!. Since we are interested in the energy and
angular momentumuxes to O(v
5





to O(a!) for both ` = 2 and 3, but those of  to O((a!)
2
) for ` = 2 and to O(a!)
for l = 3, while we only need the lowest order formulas for ` = 4.


































































































































































































and integrate it over . Then noting






































is non-zero only for `
0









(`+ 3)(`   1)(` +m+ 1)(`  m+ 1)












(` + 2)(`  2)(` +m)(` m)





Next we consider 
2
















and insert it into Eq..
















































































only for ` = 2. In this case, the nal answer becomes

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